Introduction
3D pre-stack imaging based on the Kirchhoff integral requires 3D travel-time maps for many source and receiver positions, and an appreciable amount of computational cost is dedicated to travel-time computations. Due to the significant volume of data involved in a 3D industrial seismic experiment, efficient and robust methods of travel-time calculation have been designed for isotropic media. Among them, direct numerical solution of the eikonal equation enables firstarrival travel times to be obtained on each node of a 3D computational grid. This is generally faster than with ray-tracing methods. The efficiency of computation may even be improved by solving the eikonal equation in the so-called celerity domain (Pica, 1997) , which allows an accurate calculation of first-arrival times on a coarse grid. The conventional isotropic eikonal equation (1) Because of the continuous improvement in seismic processing resolution, errors in travel-time modeling, coming from the assumption of isotropy, cannot be neglected anymore. The effects of anisotropy may affect either the focusing or positioning of seismic events, or both at the same time. In order to extend the prestack depth migration (PSDM) technique to VTI anisotropic media, accurate P-wave travel times must be computed.
Only the P-wave kinematics is the purpose of this paper.
Except for the principal axis of the stiffness tensor, P-waves in a VTI medium are not pure Pwaves but only quasi P-waves. Contrary to what is observed in isotropic media, the quasi P-wave phase velocity for VTI media depends on vertical S-wave velocity, and its analytical expression is complex. An isotropic-like explicit eikonal equation is hardly conceivable in VTI media, even in the simplified case of weak anisotropy assumption (Thomsen, 1986) . Despite this, a first approach could be the extension of the isotropic eikonal to VTI media using an implicit scheme of resolution. The instantaneous phase velocity of the eikonal extrapolation step can be updated, according to the phase angle estimated from the local normal of the propagated wave fronts. This method has been used for a first implementation of a VTI eikonal solver code from a conventional isotropic eikonal code. Although robust and convenient for weak anisotropy, this method shows several limitations according to our experiments: it is rather expensive and rather inaccurate for strong anisotropy.
A second approach is possible. Because the influence of vertical S-wave velocity is negligible in Pwave kinematics (Alkhalifah & Tsvankin, 1995) , Alkhalifah (Alkhalifah 1998) assumed that it can be set to zero, and succeeded in writing an explicit eikonal equation (2):
where v v represents vertical velocity and v nmo is defined by
and η is the well-known anellipticity parameter:
The ε and δ parameters are the standard Thomsen's anisotropic parameters.
Neglecting the dependence on S velocity, Alkhalifah describes an unrealistic "acoustic" VTI medium. However, travel time errors arising within this mathematical assumption can be ignored. The most noticeable quality of Alkhalifah's eikonal equation (2) is that it is valid for any strength of anisotropy and depends solely on the three parameters [v nmo , η, v v ]. For η = 0 and v nmo = v v , the VTI eikonal is reduced to the isotropic one. This explicit VTI eikonal appears to be a very attractive anisotropic travel-time calculation tool.
Anisotropic VTI Eikonal Celerity Domain
The authors wanted to design an algorithm which can handle any strength of anisotropy, and offer a 3D robust and fast travel-time computation.
These criteria unfortunately cannot be fulfilled with a conventional algorithm in the case of the implicit scheme. According to our experience, some drawbacks can be pointed out: for reasons of computational costs and stability, we are constrained to weak anisotropic assumptions, and even in this case, the travel-time curves obtained present oscillatory noise for high dips. However, Pica (1998) designed an efficient method to solve the VTI eikonal equation in the celerity domain using the implicit scheme.
On the contrary, Alkhalifah's eikonal equation permits the computation of more accurate travel times for any strength of anisotropy. It is fully explicit and requires only three "processingbased" parameters to describe the VTI model. Under Alkhalifah's assumption, we attempted to efficiently solve his anisotropic eikonal equation.
The travel times are directly computed on a Cartesian coordinate grid. The downward extrapolation may be carried out by the numerical integration method (e.g., 2D Runge-Kutta), whereas the horizontal gradients of travel times are computed by finite differences. The solutions of Alkhalifah's acoustic anisotropic eikonal may suffer from a lack of stability whenever the extrapolation is carried out by any classical integration method. In a conjunction of velocity variation and strong anisotropy, the phase velocity variation may be so large that the numerical extrapolation algorithm breaks down and diverges. To face this problem of stability, we propose to solve the anisotropic eikonal in the celerity domain. Celerity is defined by (Mendes et al., 1997) as
where (x s , y s , z s ) are the source coordinates and t is the travel time from the source.
At this point, the quantity to extrapolate is the celerity and not the travel time. This variable, which has the dimension of a velocity, varies slowly compared to the travel time (for instance, the celerity field is constant when the velocity in the medium is constant). The celerity is a kind of average velocity, weighted by the straight-line distance from the source, irrespective of the real travel path. Recasting spatial gradients of travel times in term of celerity, Alkhalifah's eikonal equation becomes In the case where only η = 0, this equation corresponds to the case of elliptical anisotropy. Furthermore, setting ζ to one yields the isotropic eikonal in celerity (Pica, 1997) .
The solutions of quadratic equations related to the VTI eikonal in celerity (7) are calculated analytically. Because of the smoothness of the celerity variation, the vertical extrapolation of the celerity plane is naturally achieved without an expensive numerical integration. The apparent complexity of this eikonal equation is largely compensated by the smoothness of the celerity field. Consequently the numerical scheme is simplified and the performance of the code is improved. Another advantage of the calculation in the celerity domain is the ability to compute accurate travel times on a coarse grid without distorting the wave-front curvatures. The celerity transform does indeed take into account the curvature of isochrons. The large spatial sampling of the computational grid (typically between 50 m and 100 m) enables very efficient travel-time computation.
The inverse transform from celerity to time is carried out after the eikonal resolution step so that further treatment on the travel-time wave field can be applied. Travel times obtained by the introduced eikonal solver represent first arrival times of body waves. However, for the overcritical arrivals (beyond the validity domain of the eikonal), we observe some artifacts of refraction, and it might be valuable if these overcritical wave arrival times were replaced by body wave arrival times. Thus, in order to complete each extrapolated plane of the 3D grid and to replace upgoing head waves with body waves at the same time, a lateral 2D propagation is performed by a local raytracing method, using the so-called "mixed grid" technique (Kessler and Canales, 1995) . This lateral filling mimics 2D cylindrical wave-front propagation with the horizontal velocity on the Cartesian plane:
The extrapolated and corrected wave field is then complete but may contain some numerical noise. In order to correct these local irregularities, the calculated plane is convoluted by a 2D-smoothing operator, avoiding propagation of errors to the depth. Once again, the smoothing qualities of the celerity transform avoid the expensive and abusive filtering of travel times, which could alter accuracy.
To conclude, the validity and the accuracy of quasi-P travel times computed with the proposed method have been successfully checked with other anisotropic ray-tracer codes.
Discussion
Several parameterizations of VTI media may be found in the literature. Thomsen's parameterization [v v , ε, δ ] is a rather model-based description of the behavior of quasi P-waves in VTI medium. The three parameters represent petrophysical characteristics of the propagation medium, but it is not easy to extract them from seismic data processing. However, we prefer a combination of the previous parameters [v nmo , η, ζ]:
These parameters are related to three anisotropic effects observed on data. The NMO velocity corresponding to the short-spread curvature remains a main focusing parameter for isotropic processing. However, it is affected by anisotropy (δ). The parameter ζ, a so-called ellipticity factor, is related to a local vertical stretch of travel time. The parameter η, also called anellipticity, controls the nonhyperbolicity of the NMO. In the case of horizontal reflectors, these three effects are completely separated. V nmo and η fully control the focusing of near and far offset events and ζ affect only the depthing.
If the "data-based" parameters [ v nmo , η, ζ] describing the macrolayers are related to the observed reflections, the model-based parameters [v v , ε, δ] describing the microlayers are related to the observed lithology. The imaging of energetic reflections using the PSDM technique requires macrolayer parameters, so the proposed parameterization is better adapted to fulfilling this task.
Travel times have been computed with the present anisotropic eikonal throughout a realistic model (North Sea). Constant anisotropic parameters are introduced only into a macrolayer of the model (ε =0.25, δ=0.125) or (η =0.1, ζ = 1.12). The three input parameter fields are sampled every 100 m in each direction. Figure 1 shows isotropic travel times superimposed on the initial isotropic v v model. The anisotropic travel times calculated throughout the anisotropic model are presented in Figure 2 . In both cases, calculated travel times are stable, and the efficiency of the code remains equivalent for either the isotropic or the VTI model.
The anisotropic travel times are compared to isotropic ones computed throughout the anisotropic model, which is reduced to the v nmo velocity field only, and whose the anisotropy parameters are omitted. Figure 3 shows that neglecting the full anisotropy behavior of the media results in verti cal and lateral travel-time misfits (until 100 m vertically and more horizontally for very long offsets). In both cases, the robustness and accuracy did not suffer from the coarse grid mesh. The full 3D block of travel times of 13.4 km × 3 km × 5 km is computed within a few seconds on one SGI processor machine.
In order to build an image up to 10 km depth using an acquisition survey of 400 km2, the computation of travel-time maps requires about two-anda-half hours on 16 SGI processors. This experiment is performed with a full-source aperture of 15 km along the X and Y directions. This performance encourages the implementation of this code in PSDM technology that takes anisotropy into account. 
Conclusion
The 3D-eikonal solver in the celerity domain based on Alkhalifah's pseudo-acoustic VTI eikonal equation provides a practical solution to contractor needs. It permits very efficient travel-time computation taking into account any strength of anisotropy. The limitations of this method are those of all eikonal solvers: they provide only first arrival times. Multi-pathing and amplitude calculations are beyond the scope of the eikonal equation and require ray-tracing methods. The extension of efficient travel-time computation to VTI media will improve the quality and accuracy of subsurface images obtained by industrial PSDM techniques.
